INTRODUCTION
Interfacial convection in systems with interfaces has been a subject of extensive investigation in the past few decades (for a review, see Simanovskii and Nepomnyashchy, 1993; Nepomnyashchy et al., 2012) . Traditional fields of application of the interfacial convection are chemical engineering (Levich and Krylov, 1969) and materials processing (Szekely, 1979) . Among the modern techniques requiring investigation of convection in systems with interfaces, one can mention the liquid encapsulation crystal growth technique (Doi and Koster, 1993) used in space laboratory missions, droplet -droplet coalescence processes, where the Marangoni convection in the interdroplet film can considerably affect the coalescence time during extraction (Groothuis and Zuiderweg, 1960) , and others.
It is known that the stability problem for mechanical equilibrium in a system with an interface is not self-adjoint (see, e.g., Simanovskii and Nepomnyashchy, 1993; Renardy, 1996) ; thus an oscillatory instability is possible. The mechanism of oscillations, which develops without interfacial deformations due to the hydrodynamic and thermal interaction between convective flows on both sides of the interface, was found by Gershuni and Zhukhovitsky (1982) in the case of transformer oil -formic acid systems. The nonlinear oscillatory convective structures near the instability threshold for some model systems have been studied by Colinet and Legros (1994) and Renardy et al. (1999) .
An oscillatory instability of the mechanical equilibrium can be caused by the joint action of buoyancy and thermocapillary effect in a two-layer system heated from below. This phenomenon was first discovered by Nepomnyashchy and Simanovskii (1984) (see also Simanovskii and Nepomnyashchy, 1993; Juel et al., 2000) . Oscillations just above the instability threshold have been observed in experiments of Degen et al. (1998) . It should be noted that the linear stability theory for the onset of the buoyancy convection has predicted a monotonic instability (Nepomnyashchy and Simanovskii, 2004) . In our opinion, the oscillations observed in experiments by Degen et al. (1998) can be caused by the influence of the thermocapillary effect (Simanovskii and Nepomnyashchy, 2006) .
In the present paper, nonlinear oscillatory convective regimes, developed under the joint action of buoyant and thermocapillary effects in the 47v2 silicone oil -water system with periodic boundary conditions on the lateral boundaries, have been studied. Regimes of standing symmetric oscillations, traveling waves and modulated traveling waves have been found. The paper is organized as follows. In Sec. 2, the mathematical formulation of the problem in the two-layer system is presented. The nonlinear approach is described in Sec. 3. Nonlinear simulations of the finite-amplitude convective regimes are considered in Sec. 4. Section 5 contains some concluding remarks.
FORMULATION OF THE PROBLEM
We consider a system of two horizontal layers of immiscible viscous fluids with different physical properties (see Fig. 1 ). The system is bounded from above and from below by two isothermal rigid plates kept at constant different temperatures (the total temperature drop is θ). It is assumed that the interfacial tension σ decreases linearly with an increase of the temperature: σ = σ 0 − αT , where α > 0. The variables referring to the top layer are marked by subscript 1, and the variables referring to the bottom layer are marked by subscript 2.
Assume that ρ m , ν m , η m , κ m , χ m , β m , and a m are, respectively, density, kinematic and dynamic viscosity, heat conductivity, thermal diffusivity, thermal expansion coefficient, and the thickness of the mth layer (m = 1, 2). Let us introduce the following non-dimensional parameters, corresponding to parameter ratios of different fluids,
and to the ratio of layer thicknesses, a = a 2 /a 1 .
As the units of length, time, velocity, pressure, and temperature we choose a 1 , a
, and θ, respectively.
The nonlinear equations of convection in the framework of the Boussinesq approximation for both fluids have the following form (see Simanovskii and Nepomnyashchy, 1993) :
FIG. 1:
Geometrical configuration of the two-layer system and coordinate axes.
is the velocity vector, T m is the temperature, and p m is the pressure in the mth fluid; γ is the unit vector directed upward;
is the Grashof number, which characterizes the buoyancy force, and P = ν 1 /χ 1 is the Prandtl number for the liquid in layer 1. The conditions on the isothermal rigid horizontal boundaries are
The boundary conditions on the interface include relations for the tangential stresses:
the continuity of the velocity field:
the continuity of the temperature field:
and the continuity of the heat flux normal components:
Here M = αθa 1 /η 1 χ 1 is the Marangoni number, which is the basic nondimensional parameter characterizing the thermocapillary effect. The problem (1)- (7) for any choice of parameters has the solution
corresponding to the quiescent state. The temperature gradients in the quiescent state are
Let us define the "local" Rayleigh numbers
constructed using the parameters of the corresponding fluids (Ā m is the dimensional temperature gradient in the mth fluid). The values of R m are connected with the nondimensional parameters in the following way:
The ratio of local Rayleigh numbers
depends on the physical properties of both fluids as well as on the ratio of layer thicknesses a. When the local Rayleigh numbers are close, one can observe the appearance of an oscillatory instability, if the linearized eigenvalue problem is not self-adjoint, i.e., if ηβχ/ν = 1 (see Simanovskii and Nepomnyashchy, 1993) .
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NONLINEAR APPROACH
In order to investigate the flow regimes generated by the convective instabilities, we perform nonlinear simulations of two-dimensional flows [v my = 0 (m = 1, 2); the fields of physical variables do not depend on y]. In his case we can introduce the stream function ψ:
Eliminating the pressure and defining the vorticity
we can rewrite the boundary value problem (1)- (7) in the following form:
(m = 1, 2).
The calculations were performed in a finite region −L/2 ≤ x ≤ L/2, −a ≤ z ≤ 1 with the periodic boundary conditions
where L = l/a 1 . The problem (13)- (20) is integrated in time with some initial conditions for ψ m and T m (m = 1, 2) by means of a finite-difference method. Equations and boundary conditions are approximated on a uniform mesh using a secondorder approximation for the spatial coordinates. The nonlinear equations are solved using an explicit scheme on a rectangular uniform mesh 84 × 84. We checked the results on 112 × 112 and 168 × 168 meshes. The relative changes of the stream function amplitudes for all the mesh sizes do not exceed 1.5%. The variation of vortices at the corners of the region is about 2.5%. The Poisson equation is solved by the iterative Liebman successive over-relaxation method on each time step. The accuracy of the solution is 10 −5 . At the interface the expression for the vorticity is approximated with the second-order accuracy for the spatial coordinates and has a form
Here x, z are the mesh sizes for the corresponding coordinates. The temperatures on the interfaces were calculated by the second-order approximation formulas:
The details of the numerical method can been found in the book by Simanovskii and Nepomnyashchy (1993) .
NUMERICAL RESULTS
We investigate the nonlinear regimes of convection in the 47v2 silicone oil-water system (the Rhodorsil Oil 47 is polydimethylsiloxane oil with a viscosity 2 mm 2 /s) with the following set of parameters: ν = 2.0; η = 1.7375; κ = 0.184; χ = 0.778; β = 5.66; P = 25.7. The given system has been taken because of the following reasons. First, this system was used in experiments carried out by Degen et al. (1998) . Also, for the system under consideration, the value of the "non-self-adjointness" parameter ηβχ/ν = 3.83 is rather far from 1, which is favorable for the appearance of an oscillatory instability (see Simanovskii and Nepomnyashchy, 1993) .
To simulate the motions in a laterally infinite two-layer system, we use periodic boundary conditions (20) for L = 2.74. Let us take the ratio of the layer thicknesses a = 1.
In the case r > 1, where the buoyancy convection develops mainly in the bottom layer, a temperature disturbance on the interface generates buoyancy volume forces and thermocapillary tangential stresses acting in the same direction. In this case, the monotonic instability of the mechanical equilibrium takes place.
In the opposite case r < 1 [for the system under consideration r = 0.0506, see (12)], where the buoyancy convection develops mainly in the top layer, a temperature disturbance on the interface generates buoyancy volume forces and the thermocapillary tangential stresses acting in the opposite way. The asynchronic action of these two factors working in the opposite direction can produce oscillations.
Under the conditions of the experiment, when the geometric configuration of the system is fixed while the temperature difference θ is changed, the Marangoni number M and the Grashof number G are proportional. We define the inverse dynamic Bond number
When the Grashof number is sufficiently small, disturbances decay in an oscillatory way and the system keeps the mechanical equilibrium. With an increase of the Grashof number (G ≥ G * = 93.5), the mechanical equilibrium state becomes unstable and a perfectly symmetric standing wave (type 1) develops near the instability threshold.
In order to describe the time evolution of the solution, we use four integral variables defined in the following way:
The time evolution of quantities S lm (t), m = 1, 2, for different values of the Grashof number is shown in Fig. 2 . Close to the threshold, oscillations are of rather simple, almost sinusoidal form (lines 1a, 2a in Fig. 2 ). At the larger values of G, the period of oscillations decreases and oscillations become rather complicated (lines 1c, 2c in Fig. 2 ). The corresponding phase trajectories constructed in the plane (S l1 , S l2 ) confirm the periodicity of oscillations and show a significant phase delay of the oscillations in the top layer with respect to the oscillations in the bottom layer (see Fig. 3 ). Snapshots of streamlines for the symmetric standing wave at G = 101.7 are presented in Fig. 4 . This oscillatory regime is characterized by the symmetry properties:
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where c is the phase velocity of the traveling wave. The time evolution of quantities S lm (t), m = 1, 2, and the corresponding phase trajectories in the plane (S l1 , S l2 ), are presented in Figs. 7 and 8. The phase trajectory in Fig. 8 , shows a significant phase delay of the oscillations in the top layer with respect to the oscillations in the bottom layer.
With an increase of the Grashof number, the traveling wave becomes unstable and at G > 158, the modulated traveling wave (type 3) appears in the system. The phase trajectory in the plane (S l1 , S l2 ) is presented in Fig. 9 . At the larger values of the Grashof number (G > 187.2), the modulated traveling wave disappears and the system makes a transition to the steady four-vortex flow. The stream lines and the isotherms of the steady state are shown in Fig. 10 . One can see that the corresponding vortices in the top and bottom layers rotate in the opposite direction [ Fig. 10(a) ] and the isotherms in both layers are distorted in the opposite way [ Fig. 10(b) ]. Let us note that the stability regions of the modulated traveling wave and a stationary convection are overlapped.
CONCLUSION
The nonlinear development of the oscillatory instability in a two-layer system in the presence of buoyancy and the thermocapillary effect is investigated. Periodic boundary conditions on the lateral boundaries have been considered. Transitions between the flows with different spatial structures have been studied. It is shown that under the joint action of buoyancy and the thermocapillary effect, the development of oscillatory instability can lead to the appearance of 
